Abstract. A holomorphic self-map ϕ of the unit disk is constructed such that the composition operator induced by ϕ is bounded on the Hardy-Sobolev space H 1 2 of order 2 as well as on the ordinary holomorphic Lipschitz space Lip 1 but unbounded on the Zygmund class Λ 1 . Among these three function spaces we have embedding relations H 1 2 ⊂ Lip 1 ⊂ Λ 1 . So, the main points here are that our construction provides a composition operator which is bounded on smaller spaces, but not on a larger space and that all the function spaces involved are standard ones.
Introduction
Let D := {z ∈ C : |z| < 1} be the unit disk in the complex plane C and ϕ be a holomorphic self-map of D, i.e., ϕ(D) ⊂ D. The composition operator C ϕ induced by such a ϕ is the linear operator on the space of all holomorphic functions on D defined by C ϕ (f ) = f • ϕ. Books of Cowen and MacCluer [5] and Shapiro [12] are good references for various aspects of the basic theory of composition operators.
It is typically (but not always; see below) the case that when a composition operator is bounded on a smaller space, it is also bounded on a larger space. To illustrate such a phenomenon for holomorphic Sobolev spaces, we recall the holomorphic version of the well-known Sobolev embedding theorem: For α ≥ −1, s > 0 and 0 < p < ∞, we have 2 being the inducing function for the composition operator, the example given here is the only one we know that involves only "standard" function spaces. The tradeoff is that the construction of the inducing map ϕ in our example is rather subtle.
In Section 2 we review the holomorphic Sobolev spaces and Lipschitz spaces and provide some background on the hyperbolic metric that will be used in our construction of the holomorphic self-map ϕ of D to prove Theorem 1.1. That construction will be carried out in Section 3. 
where the supremum is taken over all z, w ∈ D, z = w. For = 1, we use Λ 1 to denote the Zygmund class of all functions f holomorphic on D and continuous on D such that
where the supremum is taken over all e iθ ∈ ∂D and h > 0. Equipped with norms · Λ , these spaces Λ are all Banach spaces. We remark in passing that the classes Λ , 0 < ≤ 1, admit well-known characterizations in terms of the growth rate of the first derivative for 0 < < 1 and of the second derivative for = 1; see, for example, [5] or [6] . Also, in conjunction with the embedding property (1.1), we remark (although not needed in this paper) that the notion of holomorphic Lipschitz spaces extends to arbitrary order in a standard way. Namely, given a positive integer n and 0 < ≤ 1, the space Λ n+ consists of all functions f holomorphic on D and n-times continuously differentiable on D such that f (n) ∈ Λ (with norm appropriately adjusted). A characterization of when a composition operator is bounded on the Zygmund class has been known by various authors; see [9 
Here dA α denotes the weighted measure dA α (z) = (1 − |z| 2 ) α dA(z), where dA is the area measure on D. Also, the Hardy space H p is the space of all f holomorphic on D for which
We will often use the notation A p −1 = H p , which allows unified statements. For s ∈ R and f (z) = ∞ n=0 a n z n holomorphic on D, the s-fractional derivative R s f of f is defined by
see [2] . For α ≥ −1, s ≥ 0, and 0 < p < ∞, the holomorphic Sobolev space A Composition operators acting on holomorphic Sobolev spaces were studied by the current authors in [3] and [4] . One result that will be used below is that C ϕ is bounded on H 
For example, ρ D (0, z) = log 1+|z| 1−|z| is computed by integrating along the radius from 0 to z. This metric is invariant under conformal self-maps of the disk and therefore transfers to a natural conformally invariant metric on any simply connected domain Ω C. If ψ : D → Ω is any conformal map, the hyperbolic distance on Ω is given by ρ Ω (w 1 , w 2 ) = ρ D (z 1 , z 2 ), where w j = ψ(z j ) for j = 1, 2. Since
, where w = ψ(z), ρ Ω can be computed by integrating the function
over arcs in Ω. The following lemma is immediate from this observation.
Lemma 2.2. If γ is a crosscut of a simply connected domain Ω that separates the points a and b in
Let δ Ω (z) denote the distance from a point z in a region Ω to the boundary of Ω. It is an easy consequence of the Koebe Distortion Theorem that if ψ is a conformal map of D onto Ω, then
see [11, Corollary 1.4] . Along with (2.3), this leads to the very useful Euclidean lower bound for the hyperbolic distance given in the following lemma. 
Proof
This section is devoted to the proof of Theorem 1.1.
Proof of Theorem 1.1. For each integer n ≥ 1 define
where n > 0 is sufficiently small and will be chosen later so that n tends to 0 as n → ∞. Now set For each integer n ≥ 1, set
so that x n is midway between Γ n and Γ n+1 , and δ n := δ Ω (x n ) ≈ 2 −n for all n. Then, with r n ∈ (−1, 1) defined so that ψ(r n ) = x n , from (2.4) we have
for all n. It is important to note that this estimate is independent of the choice of { n }. Next, we show below that this sequence can be chosen to make the distances ρ n := ρ D (0, r n ) = ρ Ω (0, x n ) as large as needed. For each integer n ≥ 1, let
Note that γ n is a crosscut of Ω that separates the points 0 and x n . To begin with, choose n > 0 such that
which holds for all n sufficiently small (when n is fixed). Accordingly, applying Lemmas 2.2 and 2.3, we see from (3.2) that for each n ≥ 1. This shows that we can make ρ n as large as we want by choosing n > 0 sufficiently small. We now make this choice to insure that 2 −n ρ n ≥ n, in addition to (3.2), for each n ≥ 1. Then, from (3.1), (3.3) |ψ (r n )|(1 − r 2 n ) log 1 + r n 1 − r n = |ψ (r n )|(1 − r 2 n )ρ n n for all n. Let g be the holomorphic function on D determined by the conditions that g(0) = 0 and g = ψ + 1. Note that g is continuously differentiable on D. Since g > 0 on (−1, 1), we have g(x 1 ) < g(x 2 ), −1 < x 1 < x 2 < 1. (3.4) 
